Abstract. The topological basis associated with Birman-Wenzl-Murakami algebra (BWMA) is constructed and the three dimensional forms of braiding matrices S have been found for both S + = S and S + = S −1 . A familiar spin-1 model related to braiding matrix associated with BWMA is discussed.
In the ref. [1] two types of braiding matrices with two distinct eigenvalues, i,e. those associated with Temperely-Lieb algebra (TLA) [2] and their corresponding solutions of Yang-Baxter equation (YBE) [3, 4, 5, 6, 7] had been discussed. Based on the topological basis [8, 9, 10 ] the 4-dimensional braiding operators were mapped onto 2-dimensional ones [1, 9] . We had shown that the two types of braiding matrices are related to the extremes of L 1 -norm of Wigner's D-function [1] . Especially the 2-d braiding matrix corresponding the Bell basis (the type-II) is connected to the maximum of the L 1 -norm, whereas the permutation and extensions (the type-I) to the minimum. It hints that the L 1 -norm should relate to the quantum information.
It is natural to extend the discussions in the Ref. [1] to the solution of YBE with three distinct eigenvalues. Among them, the most important ones belong to Birman-WenzlMurakami algebra [11, 12, 13] (BWMA). As is well-known that the forms of braiding matrices with three distinct eigenvalues were given by references, say in [14, 15] , and the connection with BWMA was shown in Ref. [15] for both standard and non-standard solutions. In parallel to the ref. [1] , in this paper we shall firstly set up the topological base |e 1 , |e 2 , and |e 3 associated with BWMA, then map the 9-d braiding matrices to 3-d forms. The physical application of BWMA is raised through a familiar model which is different from the model discussed in Ref. [16] . We shall point out that in general the extremes of L 1 -norm of the D-functions (θ = π/2 and π) are related to those of von Neumann entropy. We also take the spin-1 models as examples to favor the statement.
Topological Basis for BWMA
For self-contain the BWMA relations have been given in the Appendix A through the graphs for three states. Denoting the eigenvalues of a braiding matrix S with three eigenvalues by λ 1 , λ 2 , and λ 3 , where S satisfies braid relation S 12 S 23 S 12 = S 23 S 12 S 23 (S 1 ≡ S 12 = S ⊗ I, S 2 = S 23 = I ⊗ S) (1) and without loss of generality by setting the eigenvalues of S to be λ 1 , λ 2 and λ 3 with
we have for S with three distinct eigenvalues.
Defining
(3) becomes
Where S and E occupy k − th and (k + 1) − th sites and satisfy the relations shown in Appendix A, i. e. they form BWM algebra. Noting that a loop takes the value
Following the philosophy for T-L algebra to set up the topological basis |e 1 and |e 2 [8, 9] , we shall find the uni-orthogonal basis |e 1 , |e 2 and |e 3 for S and E such that S 12 |e µ = λ µ |e µ (µ = 1, 2, 3)
with
where the eigenvalues λ µ may be complex. The graphic expressions [17] of BWMA are shown in Appendix A. To satisfy all the relations for BWMA the base takes the forms:
In terms of the graphic calculations [17] it can be proved that the (7) together with
lead to the constraints to the parameters α i , β i and normalization constant f i :
and
for λ * µ = λ µ (µ = 1, 2, 3), i.e. S † = S (hermitian), whereas
for λ * In terms of the uni-orthogonally topological basis the direct calculation gives the 3-D matrix forms of E and S acting on 1-st and 2-nd sites, 2-nd and 3-rd sites, respectively:
where A represents the braiding between the 1-st and 2-nd sites, whereas B for the braiding between the 2-nd and 3-rd sties. The explicit 3-D matrix forms are shown to be(λ 1 λ 2 = −1):
the basis reads (i = 1, 2)
The matrix forms of E and S read
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The 3-D matrix form is found:
i.e. E must be real.
Following Ref. [15] for q at root of unity it allows 'non-standard' braiding matrices, say, for B n some of λ k = q, and for the others
It leads to
where |m| is the difference between the positive power number and negative ones in the power of q in the third eigenvalues of S for the fundamental representations of B n , D n and C n .
Spin-1 model associated with BWM algebra
As was pointed out in [14, 15] that for B n algebra the corresponding braiding matrix S has three distinct eigenvalues λ 1 = q,λ 2 = −q −1 whereas as the third one is given by
where u k can be either q (standard solution) or −q −1 for nonstandard solution, so in general, we are able to take
where m can be arbitrary integers. To satisfy the spectral parameter dependent YangBaxter equation, the correspondingŘ(x)-matrix takes the form [15] 
where
In order to obtain the rational limit of theŘ(x) the type-I solution is given by
Under the rational limit and q → 1 we set h → 0 for
it leads toŘ
that under the rescaling
where T = S| q=1 , M = E| q=1 , and β = m+1 2 .
Following the standard way of Baxter [4] the Hamiltonian can be given by
Here the k − th site has been indicated explicitly because T and M occupy the k-th and (k +1)-th sites. The M k,k+1 is a new term added to the permutation-like operator
In particular when m = −3, i.e. σ = q −3 we have
It is worthy noting that m = −3 means the solution of YBE being "nonstandard" [15] The M works in the block for S z (k) + S z (k + 1) = 0, where S z (k) means the third component of spin-1 at k-th site, or in terms of the basis for spin-1:
where the |S z , S z k,l represents the state which occupies k-th and l-th sites. In general, l is not necessary to be k + 1.
where ϕ is real and
, here the braiding matrix is not unitary), then T k,k+1 and M k,k+1 satisfy BWM algebra. It is easy to check that for spin-1 and l = k + 1, in terms of
we have folowing Baxter [4] ,
for ϕ = π. Therefore, for spin-1
It is interesting to note that the Hamiltonian (45) is known well for long time.
Especially, it is not permutation operator, but plays role, say, in the Haldane conjuncture [17] . Here we have obtained (
for spin-1 whose Hamiltonian is associated with BWM algebra. Furthermore, as a demonstration example we show how to solve the model with N = 4 in terms of the topological basis given by (9), (10) .
Graphically the Hamiltonian can be expressed by the operators for N = 4
Its 9-d representation is given by acting the operator H on 9-d basis. Whereas acting (46) on the 3-d basis (9), (10) for m = −3, we find
The H can be diagonalized in terms of the eigenstates |g µ : (µ = 1, 2, 3)
How to extend the approach to any N by using the topological basis more than four sites to solve the eigenvalues problem with the help of topological basis is far beyond the current discussion. Here we only discuss a four spin−1 model which may be a hint to look for how to solve the N -site chain problem based on the topological basis.
Four Spin Model
The relations (42) and (43) are defined for any k and l. To obtain the Hamiltonian (44), the nearest neighborhood has been imposed through putting l = k + 1. However for any i and j, the operator S ij can be recast to
It can be checked in terms of (42), (43)and (50), it holds for any i and k:
where at any i-th site,
Noting that (51) is valid for any i and k. Because S i 2 = S i (S i + 1) = 2 and total spin
. (53) for N = 4 we have
There appear the additional terms other than (T i,i+1 − M i,i+1 ), i.e. the term (T 13 − M 13 ) and (T 24 − M 24 ). Taking into account of
we find
Substituting (48) and (56) into (57),we obtain for N = 4
It is interesting to note that the topological eigenstates |g k (k = 1, 2, 3) are spin singlet. From the point of view of Lie algebra, the direct product of four spin 1 can be decomposed to 5 subspaces; however, only the singlet with multiplicities three is the eigenstates of H for N = 4.
The Yang-Baxterization (parametrization) of N 2 × N 2 braiding matrices can be made in the standard way, say, following Jimbo, Jones, and others · · · [14, 19, 20] . For N ×N YBE there is another way to introduce spectral parameter to a given braiding matrix.
The basic idea comes from the Wigner D-function [21] .
It can be proved that
provided it holds
When θ 1 = θ 2 = θ 3 = θ, (62) reduces to [22] cos ϕ = cos θ 1 − cos θ
which is the condition that (62) reduces to braid relation. Denoting by
or
is satisfied under (62) .
The examples for N = 2 had been given in the ref. [1] . Here it holds for any
Let us condiser spin-1 example. The
The 3-d braiding relation is given by
For the type-I, i.e. for ϕ = 2π/3, θ = ±π in (67), after the unitary transformation, (67) becomes
On the other hand, for S + = S on substituting
into (16) and (18) the (3 × 3) matrices A and B given by the topological basis and on account of
we obtain for s = −3
that under similar transformation becomes
(75) is identified with (71). Namely, as was pointed out for S † = S that the type-I (3 × 3) braiding matrices based on the topological basis are the same as those given
For the type-II, i.e. ϕ = ±π/2, θ = ±π/2 with the same transformation V as given by (71) the D 1 -function gives
On the other hand, for S † = S −1 the (3 × 3) braiding matrices (27) and (28) based on the topological basis and on account of
are equal to (
that after the transformation becomes Example: When θ = ±π, the bipartite state is a direct product sate which is separable, therefore S(ρ a ) and f arrive at their minimum value simultaneously and the equality of (84) holds. When θ = ±π/2, |d
state reaches the maximum of entanglement. We have S(ρ a ) = 2 log 2 f = log 2 2 = 1 shown in Fig.1 and Fig.2 . When θ = ±π, the state is a separable, S(ρ a ) and f arrive at their minimum value simultaneously and the equality of (84) holds. When θ = ±π/2, S(ρ a ) and f reach their maximum value simultaneously. Of course, the maximum value of m |d j m m | is not the same as of S(ρ a ), since S(ρ a ) < 2 log 2 f < log 2 3, but both of them occur at θ = ±π/2, see Fig.3 and Fig.4 .
The explicit forms of the common minimum θ = ±π and maximum θ = ±π/2 for both L 1 -norm of |d j m m | and S( a ) for j = 1, 3/2 can be seen in Appendix E.
Next, the Fig.5 shows the derivatives of S(ρ a ) and f with respect to θ. The zero points correspond to the extreme points of S(ρ a ) and f . Except the two common zero In general, we can prove that S(ρ) and f always share the same common extreme points θ = π/2 and π in the period [0, π] for arbitrary j and m (m=0 is excluded). a separable state. Therefore S(ρ a ) and f both take the minimum value at θ = π, and
When θ = π/2, we have [21] 
In Ref. [1] , it had proved that the L 1 -norm of D-functions reaches the extreme value at θ = π/2. We just need to prove S(ρ a ) also to have extreme at θ = π/2. Considering
hence when 2j is odd, δ 0,(2j mod 2) = 0, thus
= 0. When 2j is even, according to Eq. (86), we have
= 0. To sum up, θ = π/2 is the common extreme points of S(ρ a ) and f .
Conclusion Remarks
Similar to the standard strategy of the construction of the 2-D topological basis for TQFT associated with Temperley-Lieb algebra [1, 2, 3, 8, 9] , the extension has been made to construct the 3-D basis for BWM algebra. The point is to introduce the basis (9) and (10) The physical meaning of the TQFT associated with TLA has been well established [8, 9, 10] . However, the physical meaning of the counterpart for BWMA deserves to be explored in the future. In ref [16] a physical model was proposed, but here we present a different approach. As for the interaction model arisen from BWMA it deserves more discussions. The connection of (45) with BWMA has been shown for spin-1. We appreciate the interesting discussion with Prof. Z. H. Wang and Prof. J.
Birman, and X. B. Peng. This work is in part supported by NSF of China with the For the self-contain we list the graphic expressions for the later use. The BWA reads
The (A.2) reads graphically as = (A. 7) and the E takes the simple graph and satisfies T-L algebra
All the other relations can then be expressed in terms of the graphs. Say,
The dependent relations
can also easily be expressed in terms of the similar graphs.
It can be checked that all of E A ,E B ,A and B obey BWM algebra in 3-D representation: .25) and other dependent relations:
Appendix B. Proof of (12) The basis |e µ is defined by (7), so
i. e.
For i = 1, 2 (no sum over repeating indices)
In order that |e i are eigenstates for S 12 it should hold
We then have
, it holds (i = 1, 2)
, α i = λ i and (B.5) have been used. Substituting (B.5) into (10) the basis |e µ take the forms
(B.6)
The relations for BWA in the Appendix A have been used.
To verify e i |e j = δ ij we have to distinguish two types of the braiding matrices from each other for S † = S (Hermitian) and S † = S −1 (unitary), respectively.
(a) For S † = S there are
After calculation we find The e 1 |e 1 = e 2 |e 2 = 1 leads to (13). Example 3: j = 1, m = 0 When θ = ±π, the state is separable, and S(ρ a ) = 2 log 2 f arrive at their minimum value simultaneously. The point θ = ±π/2 is both the local minimum point of S(ρ a ) and f , however, S(ρ a ) < 2 log 2 f . In addition, S(ρ a ) and f shares another two common local maximum points in the period (0, π], and the two common maximum points both correspond to the maximally entangled state, therefore S(ρ a ) = 2 log 2 f = 2 log 2 3 at the two points. See Fig.E1 and Fig.E2 . Example 5: j = 3/2, m = ±1/2. When θ = ±π, the state is separable, and S(ρ a ) = 2 log 2 f arrives at the minimum value. The point θ = ±π/2 is both the local minimum point of S(ρ a ) and f , with S(ρ a ) < 2 log 2 f . It is worth noting that S(ρ a ) and 1 norm f both have other four local extreme points, in the period (0, π). It is shown in Fig. E5 and Fig.E6 . Figure E6 .
